Abstract: Two-dimensional transition metal dichalcogenides (TMDs) have attracted extensive attention due to their many novel properties. The atoms within each layer in two-dimensional TMDs are joined together by covalent bonds, while van der Waals interactions combine the layers together. This makes its lattice dynamics layer-number dependent. The evolutions of ultralow frequency (< 50 cm 1 ) modes, such as shear and layer-breathing modes have been well-established. Here, we review the layer-number dependent high-frequency (> 50 cm 1 ) vibration modes in few-layer TMDs and demonstrate how the interlayer coupling leads to the splitting of high-frequency vibration modes, known as Davydov splitting. Such Davydov splitting can be well described by a van der Waals model, which directly links the splitting with the interlayer coupling. Our review expands the understanding on the effect of interlayer coupling on the high-frequency vibration modes in TMDs and other two-dimensional materials.
Introduction
Bulk transition metal dichalcogenides (TMDs) MX 2 (e.g., M D Mo or W, X D S, Se or Te) have a layered structure, similar to bulk graphite. In MX 2 , each unit layer contains three atomic layers in which one M atom is sandwiched between two X atoms. MX 2 have many novel physical properties. Generally, MX 2 show an indirect to direct band gap evolution from bulk to monolayer OE1; 2 . The valley polarization degree in MX 2 can be manipulated optically or electronically, which makes MX 2 have huge potential applications in valley electronics OE3 . Specially, two MX 2 flakes can be easily formed into van der Waals (vdW) heterostructures OE4 6 in which the lattice mismatch effect is ignorable. The novel properties of MX 2 have attracted extensive attention and MX 2 have been applied to various optoelectronic devices OE7; 8 . As a layered material, the adjacent layers of bulk MX 2 are bounded by the weak vdW interaction, which allows its exfoliation into multilayer and monolayer. The physical properties of MX 2 flakes are strongly dependent on the weak interlayer coupling. The Raman spectroscopy is a useful tool to nondestructively probe the physical properties in layered materials, such as the crystal structure OE9; 10 , stacking order OE11 13 , lattice vibrations and interlayer coupling OE10; 14 . In particular, Raman spectroscopy can be used to probe the interlayer coupling and identify the layer number of layered materials, such as graphene, MX 2 and alloy flakes OE15 18 .
The Raman spectrum of bulk and multilayer (ML) MX 2 consists of two fundamentally different sets of Raman peaks. Those peaks, such as A
, etc, present also in monolayer MX 2 , due to in-plane or out-of-plane vibrations, but the shear (S) modes and layer breathing (LB) modes (LBMs), due to relative motions between different layers, only present in multilayer cases. The crystal lattices of even N layers (ENL), odd N layers (ONL) and bulk MX 2 have different symmetries and thus the modes with similar atomic displacements are assigned by specific denotations, such as A
In general, each Raman mode in 1L MX 2 will split into N corresponding Raman modes in NL MX 2 . It is clear that the acoustic modes in 1L MX 2 will evolve into the S and LB modes in NL MX 2 . The S and LB frequencies are diverged from that of the acoustic modes, which is resulted from the interlayer coupling due to the out-of-phase vibrations between two adjacent X atom layers in NL MX 2 . It is the same case for the optical modes in 1L MX 2 . For a layered crystal with 2 layers per unit cell, the frequency difference between the in-phase and out-ofphase vibrations of the two equivalent entities is well-known as Davydov splitting, as discussed in bulk As 2 S 3 , As 2 Se 3
OE19
andˇ-GaSe OE20 . In general, for NL MX 2 , each layer vibration gives rise to a set of N near-degenerate vibration modes due to the weak interlayer coupling.
In this review, we will discuss the Davydov splitting and interlayer coupling in NL MX 2 , and then introduce a simple vdW model to bridge the frequency between interlayer S/LB modes and the high-frequency optical modes derived from the corresponding modes in 1L MX 2 . Based on the vdW model, the mode frequency of the high-frequency optical modes in NL MX 2 can be directly estimated by the frequency of the S and LB modes in NL MX 2 and the corresponding optical modes in 1L MX 2 .
Lattice vibrations of MX 2
Lattice vibrations of NL MX 2 can be denoted by the irreducible representations of the factor group of crystals. For bulk 2H MX 2 , the unit cell is composed of six atoms belonging to D 6h point group. There are 18 normal vibrational modes at the point OE10; 14 : For 2L MX 2 , the unit cell is composed of six atoms belonging to D 3d . Each of the nine normal vibrational modes in 1L MX 2 will split into the corresponding two modes in both 2L and bulk MX 2 , where the displacement of the adjacent X atom layers between two X-M-X layers is in-phase for one mode and outof-phase for another mode. The additional "spring" coupling from out-of-phase vibration increases the frequency of E 1 g and E 1 2g with respect to E u /E 1u . This is known as "Davydov splitting", which also occurs to other modes in 2L and bulk MX 2 .
For NL MX 2 , each mode in 1L MX 2 will split into neardegenerate vibration modes. Here we take the A 43 and ZA modes also have 3, 2, 1 and 0 out-of-phase displacements between X atoms of neighboring layers, respectively. For each optical mode in 1L MX 2 , its corresponding optical modes in NL MX 2 have the similarity as the S or LB modes on the number of out-of-phase displacements between X atoms of neighboring layers, dependent on whether the atomic displacements are in-plane or out-ofplane. The interlayer couplings in MX 2 completely determine the frequencies of all the S and LB modes, and the frequency splitting can be as large as tens of wavenumbers. Thus, the frequency splitting is expected between any two A 
Experimental observation of Davydov splitting in few-layer MX 2
In fact, the general Davydov splitting is known as the splitting of bands in the electronic or vibrational spectra of crystals due to the presence of more than one (interacting) equivalent molecular entity in the unit cell OE21 . Indeed, three and four equivalent entities can be found in many systems and the corresponding Davydov components have been observed. Thus, the concept of Davydov splitting related with bulk and 2L MX 2 can be extended to NL MX 2 (N > 2), for which there exist N equivalent entities in its unit cell for Davydov splitting. Each equivalent (isolated) entity is an M atom sandwiched by two X atoms in the unit cell of 1L MX 2 . The mode corresponds to the uncoupled entities in which all the nearest X atoms in adjacent layers vibrate in phase, e.g., the A 1 (R 2 / mode in 3L MX 2 and the A 2u (IR 2 ) mode in 4L MX 2 . The other N 1 modes correspond to the N 1 coupled entities in which at least one pair of nearest X atoms in adjacent layers vibrates out of phase. The out-of-phase vibrations between nearest X atoms in adjacent layers of the coupled entities will result in a frequency different from the uncoupled entities, and Davydov components are formed in NL MX 2 . Therefore, each optical mode in 1L MX 2 can correspond to N corresponding Davydov components in NL MX 2 (N > 1), which can be directly observed by Raman spectroscopy once at least two Davydov components are Raman active. Based on the symmetry analysis for bulk and 2L MX 2 OE10; 14 , only one of the Davydov doublets can possibly be Raman active, and thus it is difficult to observe the Davydov doublets just by Raman spectroscopy in bulk and 2L MX 2 OE19; 20; 23; 24 . That is why it is necessary to measure both Raman and infrared spectra to reveal Davydov splitting in bulk materials.
With increasing N , more modes are Raman active. 
vdW model for Davydov splitting in few-layer MX 2
The S and LB modes in layered materials are directly related to their interlayer coupling OE14 17 . Since the atomic dis- 1, 2, ... , N 1) , where ! 0 is the frequency of the isolated entity or that of N uncoupled entities when the N entities vibrate in phase, ! cj is the j th frequency of N coupled entities when at least two of them vibrate out of phase, and ! j is the j th coupling frequency of N coupled entities when at least two of them vibrate out of phase. We denote this model as the vdW model because we assume that the interlayer couplings in layered materials are exclusively of the vdW interactions. Because the atomic displacements of the A 0 1 -like modes are perpendicular to the basal plane, the interlayer LB coupling is responsible for the frequency difference between any two Davydov components. Considering that there exists a counterpart of A 0 1 -like modes for each LB mode so that both the two modes have the same number of out-of-phase displacements between X atoms of neighboring layers, each LB frequency is the coupling frequency in the vdW model, and the corresponding A 0 1 -like mode is the N coupled entity. Thus, ! j D !.LB Nj /. The above model can also be applied to E 0 -like and E 00 -like modes in NL MX 2 , in which ! j D !.S Nj /. Fig. 3(a) shows the atomic displacements of the LB and A As discussed above, in principle, the frequency of uncoupled entities in NL MX 2 should be equal to that of the isolated entity in 1L MX 2 because all the nearest X atoms in adjacent layers vibrate in phase. However, it is not the case in both NL MoTe 2 and MoSe 2 because there may exist longrange Coulombic interlayer interactions in NL MoTe 2 and MoSe 2 , which are dependent on N . Indeed, the frequency difference between the A Because the vdW model links the frequency of the S or LB modes with that of a high-frequency mode, we can estimate the frequency evolution of the high-frequency mode with N based on the vdW model even some modes are Raman inactive and cannot be observed in the experiments. Fig. 4 demonstrates the N -dependent frequency of the E 00 -like and A 0 1 -like modes in 1-8L MoTe 2 , MoSe 2 and MoS 2 based on the vdW model. Since the atomic displacements of the E 00 -like modes are in plane, the coupling frequency is from the corresponding S modes. Because the maximum frequency of the S mode is smaller than that of the LB mode, the maximum Davydov splitting between two in-plane high frequency modes is smaller than that between two out-of-plane high frequency modes. Thus, the Davydov splitting between two specific A 0 1 modes is much larger than that between two corresponding E 00 -like modes, no matter that the frequency of the A 0 1 modes is larger or smaller than that of the E 00 -like modes. For a given S or LB frequency, the smaller the frequency of the isolated entity is, the larger the Davydov splitting is observed. The evolutions of the S and LB frequencies in NL MX 2 are completely determined by the S and LB frequencies in 2L MX 2 based on the linear chain model. Therefore, once we measured the high-frequency Raman modes of 1L MX 2 and the S and LB modes in 2L MX 2 , we can calculate the Davydov splitting of the high-frequency Raman modes of NL MX 2 . A model related with multiple force constants has also been proposed to well understand Davydov splitting in NL MX 2 OE22; 27 . However, it has so many parameters for fitting that make it difficult to qualitatively estimate such Davydov splitting in NL MX 2 .
Conclusions
In conclusion, we have reviewed lattice vibrations and Davydov splitting in monolayer and few-layer MX 2 , such as MoTe 2 , MoSe 2 and MoS 2 . It is found that the vdW model can be used to well fit and predict the frequency evolution of Davydov components in NL MX 2 , suggesting that the Davydov splitting between two Davydov components in NL MX 2 is mainly determined by the interlayer vdW interactions. This review provides a deeper understanding on the lattice dynamics in two-dimensional TMDs. This model can also be used for twisted multilayer flakes of other two-dimensional materials OE29; 30 .
